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Abstract 

We study Lagrangian subalgebras of a semisimple Lie algebra with respect to 
the imaginary part of the Killing form. We show that the variety £ of Lagrangian 
subalgebras carries a natural Poisson structure H. We determine the irreducible 
components of £, and we show that each irreducible component is a smooth fiber 
bundle over a generalized flag variety, and that the fiber is the product of the 
real points of a De Concini-Procesi compactification and a compact homogeneous 
space. We study some properties of the Poisson structure n and show that it 
contains many interesting Poisson submanifolds. 

1 Introduction 

Let be a complex semi-simple Lie algebra and let Im ^ , ^ be the imaginary part 
of the Killing form <^ , ^ of g. We will say that a real subalgebra I of g is Lagrangian 
if dimK [ = dime g and if Im x, y ^= for all x,y E I. 

In this paper, we study the geometry of the variety C of Lagrangian subalgebras of 
and show that C carries a natural Poisson structure H. We show that each irreducible 
component of C is smooth and is a fiber bundle over a generalized flag variety, and 
the fiber is the product of the real points of a De Concini-Procesi compactification and 
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a compact homogeneous space. We study some properties of the Poisson structure 11 
and show that it contains many interesting Poisson submanifolds. 

The Poisson structure 11 is defined using the fact that g, regarded as a real Lie 
algebra, is the double of a Lie bialgebra structure on a compact real form t of g. The 
construction of 11 works for any Lie bialgebra, and we present it in the first part of 
the paper. In the second part, we study the specific example of C, which we regard as 
the most important example since it is closely related to interesting problems in Lie 
theory. 

We now explain our motivation and give more details of our results. 
Let (u, u*) be any Lie bialgebra, let d be its double, and let ( , ) be the symmetric 
scalar product on o given by 

{x + ^,y + r]) = (x, T]) + {y, 0, x, ?/ G u, ^, r/ G u*. 

A subalgebra [ of D is said to be Lagrangian if dim [ = dimu and if (a, 6) = for all 
a, 6 G [. Denote by C{^) the set of all Lagrangian subalgebras of D. It is a subvariety of 
the Grassmannian of n-dimensional subspaces of li, where n = dimu. The motivation 
for studying C{d) comes from a theorem of Drinfeld on Poisson homogeneous spaces 
which we now recall briefiy. More details are given in Section BTT. 



Let (f/, TTy) be a Poisson Lie group with (u, u*) as its tangent Lie bialgebra. Recall 
that an action of f/ on a Poisson manifold (M, vr) is called Poisson if the action map 
f/ X M — > M is a Poisson map. When the action is also transitive, (M, vr) is called 
a (f/, vTj,) -homogeneous Poisson space. In this case, Drinfeld [0 associated to each 
m G M a Lagrangian subalgebra of D and showed that lu.m = Ad^lm for every u eU 
and m G M. Thus we have a f/-equivariant map 

P: M—^ C{^) : m ^ U, (1) 

where U acts on £(0) by the Adjoint action. Drinfeld's theorem says that the as- 
signment that assigns to each (M, tt) the image of the map P in (|I|) gives a one-to- 
one correspondence between the set of f/-equivariant isomorphism classes of {U,7Cu)- 
homogeneous Poisson spaces with connected stabilizer subgroups and the set of U- 



orbits in a certain subset jC{d)c of £(0) (see Section for more details). 
We prove the following theorem. 

Theorem 1.1 1) There is a Poisson structure U on C{d) with respect to which the 
Adjoint action of U on C{d) is Poisson; 
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2) Each U-orbit O in C{d) is a Poisson submanifold and consequently a ([/, vr^/)- 
homogeneous Poisson space; 

3) For any {U, ttu) -homogeneous Poisson space (M, tt), the map P in is a Pois- 
son map onto the U -orbit of Im for any m E M . 

We introduce the notation of model points in C.{^). For a homogeneous Poisson 
space (M, vr), let [ = P{m) for some m G M. We show [ is a model point if and only 
if the map P : M ^ Oi = U ■ I is a local diffeomorphism (and thus a covering map). 
When this happens, we regard (Ci, 11) as a model for the Poisson space (M, vr). 

The second part of the paper is concerned with the variety C of Lagrangian subal- 
gebras of a semi-simple Lie algebra g with respect to the imaginary part of its Killing 
form. Let G be the adjoint group of g. Based on the Karolinsky classification of 



Lagrangian subalgebras of g in [[Kaj , we prove 



Theorem 1.2 The irreducible components of C are smooth. Each irreducible compo- 
nent fibers over a generalized flag variety, and its fiber is the product of a homoge- 
neous space and the space of real points of a De Concini-Procesi compactification of 
the semisimple part of a Levi subgroup of G. 

For example, when g = sl(2,C), there are two irreducible components: the first 
component is the SL{2, C)-orbit through a+n and is isomorphic to CP^ (here a consists 
of diagonal real trace zero matrices and n strictly upper triangular matrices), and 
the second component contains the S'L(2, C)-orbits through su(2) and s[(2,]R) as open 
orbits, and the SL{2, C)-orbit through ia + n as the unique closed orbit. The second 
component may be identified as MP'^. 

Let t be a compact real form of g and K G G the connected subgroup with Lie 
algebra t. Then there is a natural Poisson structure ttx on K making {K, vr^) into a 
Poisson Lie group such that the double of its tangent Lie bialgebra is g. By Theorem 
pn| , each i^'-orbit in £ is a {K, 7ri^)-homogeneous Poisson space, and every {K, hk)- 
homogeneous Poisson space maps onto a fT-orbit in £ by a Poisson map. In particular, 
we show that every point in the (unique) irreducible component Cq of C that contains t 
is a model point. Consequently, a number of interesting [K, 7ri^)-homogeneous Poisson 
spaces are contained in Co (possibly up to covering maps) as Poisson submanifolds. 
Among these are all {K, vr^) -homogeneous Poisson structures on any K/Ki, where Ki 
is a closed subgroup of K containing a maximal torus of K. For example, K/Ki could 
be any flag variety G/Q = K/K fl Q, where Q is a parabolic subgroup of G. We 
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remark that it is shown in |[Lu4|| that all {K, 71/4-) -homogeneous Poisson structures on 
K/T, where T is a maximal torus in K, can be obtained from solutions to the Classical 
Dynamical Yang- Baxter Equation |P- V|| . Some Poisson geometrical properties of such 



Poisson structures are also studied in Lu4 



We are motivated to study {K, 717^-) -homogeneous Poisson structures because of their 
connections to Lie theory. One remarkable example is the so-called Bruhat Poisson 
structure tToo [|L-W|| on K/T. It corresponds to the Lagrangian subalgebra t + n of 0, 
where = t + a + nisan Iwasawa decomposition of q, and t = ia is the Lie algebra of 
T. The name Bruhat Poisson structure comes from the fact that its symplectic leaves 
are exactly the Bruhat cells for a Bruhat decomposition of K/T |[L-W|| ; its Poisson 
cohomology is isomorphic to a direct sum of n-cohomology groups with coefficients in 



certain principal representations of G |[Lu2|| ; its i^-invariant Poisson harmonic forms 
are exactly the harmonic forms introduced and studied by Kostant in ||Kc|| . This last 



fact is proved in |pi]-L||, where we also use tToo to construct S^-equivariantly closed forms 



on K/T and use them to reinterpret the Kostant-Kumar approach to the Schubert 
calculus on K/T [[K-K|| . One key fact used in [|E-L|| is that the Poisson structure tToo is 
the limit of a family Tit, t ^ (0, +00), of {K, vt/^) -homogeneous symplectic structures on 
K/T. The family vr^ corresponds to a continuous curve in C. Thus, we regard £ as a 
natural setting for deformation problems for Poisson homogeneous spaces, and for this 
reason it is desirable to study its geometry. 
The paper is organized as follows. 

We start our discussion in Section |^ with an arbitrary Poisson Lie group {U,itu), 
its tangent Lie bialgebra (u, u*), and the variety Cid) of Lagrangian subalgebras of its 
double i) = u CXI u*. We first review Drinfeld's theorem on {U, tt^) -homogeneous spaces. 
We then give the construction of the Poisson structure LI on C{d) and establish the 



properties listed in Theorem O 



The rest of the paper is devoted to the Poisson Lie group {K, hk)- In|3]T|, we review 
Karolinsky's classification of Lagrangian subalgebras, and use it to decompose C into 
a finite disjoint union of submanifolds C{S,e,d). The study of the closure C{S,e,d) 
is reduced to studying the closure of the variety of real forms of a semisimple Lie 
algebra. After some preliminary results in Section ^, we identify the closure with the 
real points of a De Concini-Procesi compactification in Section ^ In Section |^, we 
apply our results to determine the irreducible components of C and show they are 
smooth. We also study the set of model points in C and show that every Lie algebra in 
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the irreducible component Cq containing t is a model point. Finally, in Section we 
study some properties of the Poisson structrure 11. In particular, we study the i^-orbits 
in the irreducible component Co and the {K, 7ri<')-homogeneous Poisson spaces arising 
from them. 

We would like to thank Eugene Karolinsky and Hermann Flaschka for useful con- 
versations, and the Banach Center for its hospitality when some of these results were 
found. In addition, the first author would like to thank Northwestern University and 
the University of Chicago and the second author the Hong Kong University of Science 
and Technology for their hospitality during the preparation of the paper. 



2 Generalities on Lie bialgebras 
2.1 Drinfeld's theorem 

In this section, we review Drinfeld's theorem on homogeneous spaces of Poisson Lie 
groups in [0. Details on Poisson Lie groups can be found in ||L-W|| and ||K-S|| and the 



references cited in K-S| 



Let ([/, TTy) be a Poisson Lie group with tangent Lie bialgebra (u, u*), where u is the 
Lie algebra of U and u* its dual space equipped with a Lie algebra structure coming from 
the linearization of t^u at the identity element of U . We will use letters x,y,xi,yi, ■ ■ ■ 
to denote elements in u and C,,f],C,i,f]i, ■ ■ ■ for elements in u*. The pairing between 
elements in u and in u* will be denoted by ( , ) . 

Let ( , ) be the symmetric non-degenerate scalar product on the direct sum vector 
space u © u* defined by 

(xi + ^1, X2 + 6) = (a^i, 6) + ix2, 6). (2) 

Then there is a unique Lie bracket on the u © u* such that ( , ) is ad-invariant and that 
both u and u* are its Lie subalgebras with respect to the natural inclusions. The vector 
space u © u* together with this Lie bracket is called the double Lie algebra of (u, u*) 
and we will denote it by i) = u ixi u*. Note that U acts on d by the Adjoint action (by 
first mapping U to the adjoint group of o). 

Example 2.1 Let u = 6 be a compact semi-simple Lie algebra. Let g = 6c be the 
complexification of t with an Iwasawa decomposition g = t + a + n. Let ( , ) be twice 
the imaginary part of the Killing form of g. Then the pairing between 6 and o + n via 
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( , ) gives an identification of t* and o + n, and a + n) becomes a Lie bialgebra wliose 
double is q. If K is any group witli Lie algebra t, then there is a Poisson structure hk 
on K making [K, tck) into a Poisson Lie group whose tangent Lie bialgebra is {t, a + n). 
This will be our most important example. 

Definition 2.2 Let n = dimu. A Lie subalgebra [ of is called Lagrangian if (a, b) = 
for all a, 6 G [ and if dim [ = n. The set of all Lagrangian subalgebras of d will be denoted 
by £(£)). 

Both u and u* are Lagrangian. If D is the adjoint group of o, then D acts on the 
set of Lagrangian subalgebras. In Example any real form of g is a Lagrangian 
subalgebra, as is t + n, where t = ia is the centralizer of a in 

Let (M, tt) be a (f/, 7r[,)-homogeneous Poisson space. Recall [0 that this means 
that U acts on M transitively and that the action map ?7 x M — > M is a Poisson 
map, where U x M is equipped with the direct product Poisson structure tt^ © n. Let 
m G M. Then being {U, 7r[/)-homogeneous, the Poisson structure vr on M must satisfy 

niurn) = M^,7r(m) + m^Hjjiu), Mu E U, m E M. (3) 

Here and are respectively the differentials of the maps M — > M : mi i-^ umi 
and f/ — > M : Ml I— > mm. Thus, tt is totally determined by its value 7r(m) G /\^{T„iM) 
at m. Let Um dU he the stabilizer subgroup of f/ at m with Lie algebra u^- Identify 
TmM = u/um so that 7r(m) G A^(u/um). Let U be the subspace of defined by 

tm = {x + ^ : X G u, ^ G u*, = 0, ^ J 7r(m) = x + u^}. (4) 

Theorem 2.3 (Drinfeld [Q) 1) Im is a Lagrangian subalgebra of d for all m G M; 

2) For allm e M and u eU, 

U n u = (5) 
Ad„U = ium, Vu G f/. (6) 

3) Let M be a U -homogeneous space. A {11,711;) -homogeneous Poisson structure vr 
on M is equivalent to aU -equivariant map P : M C(j}) : m i-^ such that holds 
for all m G M. 
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Definition 2.4 We will call Im the Lagrangian subalgebra ofd associated to (M, vr) at 
the point m. The map P : M — will be called the Drinfeld map. 

Definition 2.5 Given a ^/-homogeneous space M, we say that a [/-equivariant map 
M — s> C{d) : m ^ has Property I (I for intersection) if is satisfied for all m G M. 



Thus 3) of Theorem |2.3| can be rephrased as follows: given a [/-homogeneous space 
M, a (f/, 7r[7)-homogeneous Poisson structure on M is equivalent to a t/-equivariant 
map M —>■ C{d) with Property I. 

Remark 2.6 We explain how a f/-equivariant map M £(0) having Property I gives 
a (?7, 7r[,)-homogeneous Poisson structure on M: pick any m G M. Because C D is 
maximal isotropic (this means that dim 1^ = n and that (a, b) = for all a,b & [„) 
and because of (|^), an easy linear algebra argument (see also Lemma [2.23| ) shows that 



there is a unique element n{m) G A^(u/um) such that (^) holds. Define a bivector field 
TT on M by (|^). This is well defined because of @. This vr is Poisson because is 
Lagrangian. It is (f/, vr^) -homogeneous because (P[) holds by definition. 



We now state some consequences of Theorem p]3 



Definition 2.7 A Lagrangian subalgebra of is said to have Property C (C for closed) 
if the connected subgroup U[ of U with Lie algebra I fl u is closed in U. 

Note that any in the image of the Drinfeld map for any (M, vr) has Property C, 
because the connected subgroup of U with Lie algebra 1^ H u is the identity connected 
component of the stabilizer subgroup of U at m, so it is closed in U. Conversely, if 
[ G £(t)) has Property C, we have the [/-homogeneous space U/Ul and the f/-equivariant 
map 

U/U[ — > £(0) : nf/,' I — > Adj. 

It has Property I. More generally, suppose that Ui is any closed subgroup of U having 
the properties 

A) the Lie algebra of ?7i is [ fl u; 

B) Ui normalizes [, 

Then we have the [/-equivariant map 

U/Ui — y C{d) : uUi 1 — > Adj. 



It has Property I. Thus, by Theorem p.3|, we have 
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Corollary 2.8 Suppose that I G C{d) has Property C. Then for any closed subgroup Ui 
of U having Properties A) and B), there is a {U^t^u) -homogeneous Poisson structure 
on U/Ui whose Drinfeld map is given by 

P : U/Ui — > £(£)) : uUi i — > Adj. 



Definition 2.9 For a Lagrangian subalgebra [ of with Property C and any sub- 
group Ui of U with the above Properties A) and B), we say that the Poisson manifold 
{U/Ui, n) described in Corollary ^]8] is determined by I. 



Denote by C{d)c the set of all points in C{d) with Property C. It is clearly invariant 
under the Adjoint action of U. For every ([/, vr^j) -homogeneous Poisson space (M, vr), 
the image of the Drinfeld map M — > £(5) is a [/-orbit in C(l>)c- 



Corollary 2.10 (Drinfeld [0]) The map that assigns to each (M, vr) the image of its 
Drinfeld map gives a one-to-one correspondence between U-equivariant isomorphism 
classes of {U,ttu) -homogeneous Poisson spaces with connected stabilizer subgroups and 
the set of U -orbits in C(j})c- 

We close this section by an example of a Lagrangian subalgebra [ that does not 
have Property C. 



Example 2.11 [[Ka|| Consider the Lie bialgebra (t, a + n) in Example |2.1| . Let U = K 



be a compact connected Lie group with Lie algebra I and let T be the maximal torus of 
K with Lie algebra ia. Choose a topological generator t of T and let t = exp(X), X G t. 
Let [ = M- X + (an(]R-X)-'-) + n, where the perpendicular is computed relative to the 
Killing form. Then [ is Lagrangian, but if rank(T) > 1 then [ fl I is not the Lie algebra 
of a closed subgroup of K, so [ does not have Property C. 

2.2 A "Poisson structure" on £(5) 

Let (f/, TTy) be a Poisson Lie group and let (u, u*) be its tangent Lie bialgebra. Let 
5 = u ixi u* be its double Lie algebra equipped with the symmetric scalar product ( , ) 
given by @. Recall that C{d) is the set of Lagrangian subalgebras of d with respect to 

(,)• 
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Notation 2.12 We will use Gr(ri, o) to denote the Grassmannian of n-dimensional 
subspaces of d. Since the condition of being closed under Lie bracket and the condition 
of being Lagrangian are polynomial conditions, C{d) C Gr(n, o) is an algebraic subset. 

The group U acts on Gr(n, o) by the Adjoint action and it leaves C{d) invariant. 
Although £(0) may be singular, all the fZ-orbits in £(0) are smooth. 

In this section, we will show that there is a smooth bi-vector field 11 on Gr(n,i)) 
with the property 

[n, n]([) = 

for every I G C{d), where [11, 11] is the Schouten bracket of 11 with itself. Moreover, we 
show that n is tangent to every f/-orbit O in C{d), so (0,11) is a Poisson manifold. 
In fact, each (0,11) is a (f/, 7ry)-homogeneous Poisson space. If (M, vr) is a (f/, vr^,)- 
homogeneous Poisson space, we show that the Drinfeld map P : M — (9 is a Poisson 
map, where (9 is the [/-orbit of Im for any m & M. 

Notation 2.13 We identify 0* = u* © u in the obvious way. Denote by # : 0* — * the 
isomorphism induced by the nondegenerate pairing ( , ) on 5. It is given by 

#: j,*-^c,: #(e + x)=x + e (7) 

For V C 0, we let 

V° = {fe^*: f\v = 0}. 
To define the bi-vector field 11 on Gr(?T,, 0), we consider the element R G A^o defined 

by 

^(^1 + 6 + X2) = (6, xi) - (G, 0:2), Va;i, X2 G u, ^1, ^2 e u*. 

The element R is an example of a classical r-matrix on d ||K-S|| . In particular, the 
Schouten bracket [R, R] G A^D of R with itself is ad-invariant and is given by 

[R, R]{fu /2, /s) = 2 < [#/2, #/3] > 

for fi G d*. Denote by x^(Gr(r;,, li)) the space of fc-vector fields on Gr(r;,, 0) (i.e., 
the space of smooth sections of the k-th exterior power of the tangent bundle of 
Gr(n, £))). The action by the adjoint group of on Gr(n, 0) gives a Lie algebra 
anti-homomorphism 
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whose multi-linear extension from a'^'O to x'^(Gr(n, J))), for any integer A; > 1, will also 
be denoted by n. 

Define the bi-vector field H on Gr(n, 3) by 

n = ^k{r). 

Theorem 2.14 For every Lagrangian subalgebra I ofv regarded as a point in Gr{n, v), 
we have 

[n, n](0 = 0, 

where [H, H] is the Schouten bracket ofU with itself. 

Proof. Since U — ^k{R) and since k is a Lie algebra anti-homomorphism, we have 

[n, n] = -^k{[r, r]). 

Let D[ be the stabihzer subgroup of D at [ for the Adjoint action, and let i)[ be its Lie 
algebra. Since 11 is tangent to the D-orbit D • I in Gr(n, d), we only need to show that 
[n, n] = when evaluated on a triple (cki, 0:2, 0:3) of covectors in T*{D ■ l). The map 

k: V — > Ti{D ■ I) 

gives an identification 

K* : T;{D ■ I) > 5°, 

Thus, it suffices to show 

[i?,i?](/l,/2,/3)=0 

for fi e 0°, i = 1, 2, 3. Since [ C 0[, we have C #([°) = I. It follows that 

[R, R]{h, /2, /a) = 2 < [#/2, #/3] >= 
because [ is a Lagrangian subalgebra. 

Q.E.D. 



Corollary 2.15 For every I G C{d) C Gr(n, 0), the bivector field U defines a Poisson 
structure on the D-orbit D • I in Gr(n, 5). 
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Since [R, R] G is ad-invariant, the following bivector field 7r_ on D is Poisson: 

7r_(rf) = ^iuR - IdR), deD, 

where and Id are respectively the differentials of the right and left translations on 
D defined by d. Moreover, {D, 7r_) is a Poisson Lie group and {U, vTy) is a Poisson 
subgroup of (D, 7r_) (see | [Lul[ ). 



Proposition 2.16 For every I G C{d), the Poisson manifold {D ■ [, 11) is {D,tt^)- 
homogeneous. 

Proof. Let again D[ be the stabilizer subgroup of [ in D. Then D -1 = D / D^. Consider 
the bivector field Hi on D defined by 

ni(rf) = KdR, deD. 

Then 11 = p^IIi, where p : D ^ D / Di is the natural projection and its differential. 
It is easy to check that for any di,d2 G D, we have 

ni{did2) = ld^ni{d2) + rd.,TX-{di). 

It follows that {D ■ I, n) is a (D, 7r_)-homogeneous Poisson space. 

Q.E.D. 

Consider now the f/-orbits in C{i}) through a point I G We have 

Theorem 2.17 At any { G the bi-vector field U on GT{n,D) is tangent to the 

U -orbit through I, so that {U ■ I, U) is a Poisson submanifold of {D ■ [, 11). 

Proof. Regard 11 as a bivector field on the D-orbit D ■ [, so n([) G A'^Ti{D ■ l). Let 
n(l)* be the linear map 

n(0* : T;{D-1) — >Ti{D-l): 

n(0#(a)(/3) = n([)(a,/9), G T,*(D ■ [). 

It is enough to show that the image of n([)* is tangent to the [/-orbit through I. 
By the identification, T*{D ■ l) — > 0°, it is enough to show that 

fi:((e + x) Ji?) G T,(f/-[), W^ + xed°, 
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where + x) _l i? G is defined by 



We compute explicitly. It follows from the definition of R that 

n 

R = ^Vi ^(^i ^ A^o, 

i=l 

where {ei, e„} is a basis for u and {r/i, is its dual basis for u*. It follows that 

n 

{^ + x)^R = J2{{x,rii)ei - {^,ei)r]i) = x-^. 

i=l 

Hence 

k{{^ + x)^R) = k{x) - 
But since ^ + x G we have a; + ^ G I, so k{x + ^) = 0. Thus 



k{{^ + x)_\R) = 2k{x) G T,(?7-[). 



Q.E.D. 



Corollary 2.18 For every [ G the Poisson manifold {U ■ t, 11) is a (U.t^i^ 

homogeneous Poisson space. 



Proof. This follows from Proposition 2.16 because (U, vr^) is a Poisson subgroup of 



(D, 7r_) and {U ■ [, 11) is a Poisson submanifold of {D ■ [, 11). 

Q.E.D. 

Remark 2.19 Let U* be the connected and simply connected group with Lie algebra 
u*. Then for any Lagrangian subalgebra [ G /^(f), the orbit f/* ■ I is also a Poisson 
submanifold of {D ■ 1, 11). Indeed, the roles of u and u* are symmetric in the definition 
of D and of C{x)), but the i?-matrix for the Lie bialgebra (u*,u) differs from that for 
(u, u*) by a minus sign. Consequently, if we denote by tIu* the Poisosn structure on 
U* such that (?7*, vr^*) is the dual Poisson Lie group of ([/, vr^,), then every f/*-orbit in 
C{j}) is a (f/*, — TTcj. )-homogeneous Poisson space. 
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We now look at the Drinfeld map P : U ■ I ^ C{d) for the (f/, vr^/) -homogeneous 
Poisson space {U ■ I, vr) (see Definition |2.4|). 



Theorem 2.20 For any I G C{d), the Lagrangian subalgebra ofd associated to {U ■[, 11) 
at I is 

T([) = u, + (u + u^) n [, 
where U[ is the normalizer subalgebra of I in u, and uj*- = {.^ G u* : ,^|u, = 0}. 

Proof. Denote by [' the Lagrangian subalgebra associated to [U ■ [, 11) at L We need 
to show that [' = T([). By definition, 

[' = {x + ^ : x G u, ^ G u^, ^ J n([) = x + u,}. 

Let ^ G u/-. Since the inclusion 

{u .i,u)^{D- [, n) 

is a Poisson map, it suffices to compute ((/t*)^^(^ + x)) _in([) for any x G u such that 
^ + X G 0°, where n(() is regarded as a bi-vector at [ G -D ■ [, and (k*)~^ : T*{D -l) 
is the isomorphism induced hj k : D —>■ Ti{D ■ l). In the proof of Theorem |2.17| , we 
showed that + x) _in([) = k{x). As a result, we see that 

I = {x + ^ : ^ + Xi G 0° for some Xi = xmod(u[)} 

Now the inclusions U[ C Oi and [ C Di induce inclusions #(f°) C u + uf- and #(0°) C I, 
so #(0°) C (u + u/-) n [. Hence, 

u, + #(0°) Cu, + (u + u^)n[ = r([). 

On the other hand, it is obvious that T([) is isotropic, so its dimension is at most n. 
Since I has dimension n, we must have [' = T([). 

Q.E.D. 

Remark 2.21 The map T : C{d) £(5) is not continuous in general. For exam- 
ple, consider the Lie bialgebra in Example ^]T| for g = s[(3, C). Choose if G o 
with the property that both simple roots are positive on H and consider the curve 
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7t = exp(adtH)(s[(3, M)) in £ = Let 700 be the limit of 7* as t — 00 in L. Clearly, 

7t is isomorphic to s[(3, M) for t 7^ 00, and one can show 700 = f)^ + n, where [) = a + t 
is a Cartan subalgebra of s[(3, C), and r is an anti-linear automorphism such that 
dim(t)'^ n t) = 1. We will show later that when [ is a real form of a complex semi-simple 
Lie algebra, then I is its own normalizer. It follows that T(7f) = 7^ for all t < 00. On 
the other hand, it is easy to check that T{'~f^) = t + n. It follows that T is not contin- 
uous. This example can be generalized to any real form corresponding to a nontrivial 
diagram automorphism (see Remark ^]6|for a generalization of this example). 



Assume now that (M, vr) is an arbitrary {U, vrj/) -homogeneous Poisson space. Con- 
sider the Drinfeld map 

P : M — > CM : mi — ^ U. 



By Theorem |2.3| , P is a submersion of M onto the f/-orbit (9 = f/ ■ in for any 
m e M. 

Theorem 2.22 The Drinfeld map 

P : (M, tt) {O, n) 

is a Poisson map. 

Proof. Fix m e M. Let [ = U. Then O = U -l Since both (M, vr) and (O, U) are 
(f/, vr^,) -homogeneous, it is enough to show that 

P,7r(m) = n([). 

Let Um and Ui be respectively the stabilizer subgroup of U at m and the normalizer 
subgroup of [ in U. Their Lie algebras are respectively [ fl u and U(. Since P is U- 
equivariant, we have Um C f/[. Identify 

M ^ U/Um, O = U/U. 

Then the map P becomes 

P : U/Um ^ U/U, : uU^ ^ uU,, 

and we have 

7r(m) G A^(u/([nu)), n([) G A^(u/u[). 
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Thus we only need to show that 7r(m) goes to 11 (l) under the map 

j : u/([ n u) — > u/ui : a; + I fl u i — > x + U[. 
But this follows from a general linear algebra fact which we state as a lemma below. 

Q.E.D. 

Lemma 2.23 Let V he an n-dimensional vector space and let V* he its dual space. 
On the direct sum vector space V ®V* , consider the symmetric product ( , ) defined hy 

{x + ^,y + rj) = {x, rj) + {y, 0, x,y eV,^,rie V*. 

1) Let Vb he any suhspace ofV. For A e A'^{V/Vq), define 

Wx^ {x + C: xeV,CeV*,C\vo^O,C-iX^x + Vo.} 

Then A i— >• Wx is a one-to-one correspondence hetween elements in /\'^{V/Vo) and max- 
imal isotropic suhspaces W ofVQ)V* such that W HV = Vq. 

2) Let Vi he another suhspace ofV such that Vq gVi. Let 

j : V/Vo V/Vi : v + Vo^v + Vi 

be the natural projection. Let Aq G /\^{V/Vo) and Ai e /\^{V/Vi). Then j{Xo) = Ai if 
and only if 

Wx, ^Vi + iv®v,^)nwx„ (8) 

where V^^ ^ e V* : ^\v, = 0}. 

Proof. 1) Given A G A^(V/Vo), it is easy to see that Wx is maximal isotropic with 
respect to ( , ) and that W^vHy = Vq. Conversely, if 1^ is a maximal isotropic subspace 
oiV ®V* such that WnV = Vo, then 

{^eV* : x + ^e Wiorsomex eV} ^ V^^ ^ {^eV* : C|vb = 0}. 

Define 
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where ^ G {V/Vq)* = Vq^ and x e V is such that x + ^ e W. Then / is well defined 
and is skew- symmetric. Thus there exists A G A^(V/Vo) such that /(^) = A for all 
^e{V/Vo)*. It is then easy to check that W = Wx- 

2) One way to prove this fact is to take a basis for Vq, extend it first to a basis for 
Vi and then extend it further to a basis of V. One can then write down all the spaces 
in d^) using these basis vectors and compare them. We omit the details. 

Q.E.D. 



As a special case of Theorem |2.22| , we have 



Corollary 2.24 For any I G C{d) with Property C and any {U, tTu) -homogeneous space 
{U/Ui,tt) determined by I (see Definitions \2. ?! and \2. !^ ), the map 



P : {U/Ui, tt) — >{U- [, n) : uUi i — > Adj (9) 

is Poisson. 



2.3 Model points 

Definition 2.25 We say that a La grangian subalgebra I is a model point (in C{d)) if 
[ n u = uj, where U[ is the normalizer subalgebra of [ in u. 

It is easy to see that the set of model points in £(0) is invariant under the [/-action. 

Every model point has Property C, for if [ G £(0) is a model point, the connected 
subgroup f/,' of U with Lie algebra [ fl u is the identity component of the stabilizer 
subgroup f/i of [ in t/, so f/,' is closed. Consequently, [ determines a (f/, 7r[j)-homogeneous 
Poisson structure on any U/Ui, where Ui is a closed subgroup of f/[, the normalizer 
subgroup of [ in U, and has the same Lie algebra [ fl u = U[ (see Corollary and 
Definition |2.9|) . In this case, the map P in @ is a local diffeomorphism (in addition to 
being a Poisson map), and is thus a covering map. Therefore, the orbit U ■ I, together 
with the Poisson structure 11, is a model (up to local diffeomorphism) of any {U, tTu)- 
homogeneous Poisson space {U/Ui,tt) determined by [. This is the reason we call [ a 
model point in C{d). 

Observe also that [ is a model point if and only if T(l) = [. 
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Example 2.26 Consider the Lie bialgebra (t, a + n) in Example |2]^. The Lagrangian 
subalgebra [ = a + n is not a model point because 1 fl t = while the normalize! 
subalgebra of I in t is t = ia. However, T([) = t + n is a model point, as is any real form 
of 0. In this case, we will show that every point in a certain irreducible component Cq 
of C{d) is a model point. 

When [ is a model point and when its normalizer subgroup f/| in f/ is not connected, 
the ([/, TTy) -homogeneous Poisson spaces {U/Ui.n) determined by [ might have non- 
trivial symmetries, as is shown in the following proposition. 

Proposition 2.27 Let [ he a model point and let {U/Ui, vr) be any {U, tTu) -homogeneous 
Poisson space determined by I. Then all covering transformations for the covering map 

P : {U/Ui, tt) — > (U/Uu n) : uUi i — > uU^ (10) 

are Poisson isometrics for {U/Ui,7i). 

Proof. Let f : U/Ui ^ U/Ui he a covering transformation, so P o / = /. We know 
that / is smooth because it must be of the form 

f{uUi) = UUqUi 

for some uq in the normalizer subgroup of Ui in U[. Let x G U/Ui be arbitrary. We 
need to show that /*vr(x) = 7i{f{x)). Since P is a local diffeomorphism, it is enough to 
show that /*7r(a;) and TT{f{x)) have the same image under P. Now since P is a Poisson 
map and since P o / = /, we have 

PJ,7r(x) = (Po/),7r(x) = PM^) = n(P(x)) 
P,7r(/(x)) = n(P(/(x))) = n(P(x)). 

Thus P^f^n{x) = P^n{f{x)), and / is a Poisson map. 

Q.E.D. 

In particular, in the case when Ui = U[ is the identity connected component of U^, 
the group Ui/U[ acts on U /U[ as symmetries for (f/, 7rtj)-homogeneous Poisson structure 
on U /U[ determined by L 
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3 Lagrangian subalgebras of g 



In the remainder of the paper, we will concentrate on the Lie bialgebra {t, a + n) as 
described in Example |2.1| . We first fix more notation. 

Throughout the rest of the paper, t will be a compact semi-simple Lie algebra and 
= ifs complexification. The Killing form of g will be denoted by ^ , Let K be 
a connected Lie group with Lie algebra 6 and let T C be a maximal subgroup with 
Lie algebra t. Let t) = tc C g be the complexification of t. Let S be the set of roots of 
g with respect to t) with the root decomposition 

9 = h + J2 Sa- 

Let S+ be a choice of positive roots, and let be the set of simple roots in S+. We 

will also say a > for a G S+. Set a = it and let n be the complex subspace spanned 
by all the positive root vectors. Then we can identify t* with a + n (here n is regarded 
as a real Lie subalgebra of g) through the pairing defined by twice the imaginary part 
of the Killing form <^ , This way, (fi, o + n) becomes a Lie bialgebra whose double 
isg = 6 + a + n (Iwasawa Decomposition of q). Let hk be the Poisson structure on K 
such that {K, hk) is a Poisson Lie group with tangent Lie bialgebra (t, a + n). We can 
describe hk explicitly as follows: Let 9 be the complex conjugation of q defined by t. 
Let <^ , be the Hermitian positive definite inner product on g given by 

■C a;, y >e = - < x, 6y >, x,y e g. 

For each a G S+, choose G such that 

<C Ea, Ea 3>6I = 1- 

Let E_a = -0{Ea) E so that < E^, E_a >= 1- Set 

X^ = E^- E_^ = E^ + 9{E^), F„ = z{E^ + E_^) = lE^ + e{iE^). 

Then 

e = t + span]K{XQ,, Ya : a G 
The Poisson bivector field on K is given by 

T^K{k) = TkA - IkA, k e K, 
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where 

A = - ^ x„ A r„ e « A t. 

Recall that a real subalgebra [ of g is Lagrangian if Im <^ a;, ?/ ^= for all x,y E I 
and if dimjR I = dime b- These Lagrangian subalgebras correspond to {K, ttk) Poisson- 
homogeneous spaces by Drinfeld's theorem. The set of all Lagrangian subalgebras of 
will be denoted by £. It is an algebraic subset of the Grassmannian Gr(n, g) of 
n-dimensional subspaces of g (regarded as a 2n-dimensional real vector space). 

In this section, we will decompose jC into a finite union of manifolds. 

3.1 Karolinsky's classification 

E. Karolinsky ||Ka|| has determined all Lagrangian subalgebras [ of g. To describe his 
result, we need some notation. Let S C be a subset of the set of simple roots, 

and let [S] be the set of roots in the linear span of S. Consider 

and 

Ps = "^s + 

so that pg is a parabolic subalgebra of type S, ng is its nilradical, and mg is a Levi 
factor. Let ms,i = [ms,ms] be the (semi-simple) derived algebra of mg. The center of 
ms is 

3s = {i/ e f, : ai{H) = 0, Va, G S}, (11) 

which is also the orthogonal complement of ms,i in ms with respect to the Killing form 
of g restricted to ms- Thus the restriction of the Killing form to 3s is nondegenerate, 
and we may consider Lagrangian subspaces of 3^ (regarded as a real vector space) with 
respect to the restriction to 3^ of the imaginary part of the Killing form. 

Now for any subset S of the set of simple roots, a Lagrangian subspace of 3^, and 
a real form ^ of mg i, set 

1{S,V,t) =ml^®V ®ns. 
It is easy to see that it is a Lagrangian subalgebra of g. 
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Definition 3.1 We will call [{S,V,t) the standard Lagrangian subalgebra associated 
to iS,V,r). 

Theorem 3.2 /{Kdjl Every Lagrangian subalgebra of q is of the form Adk{l{S, V, r)) for 
some k & K. 

Note that the nilradical of Adfc([(S', V, r)) is Adfe(ns). Denote by Pg the connected 
subgroup of G with Lie algebra pg. 

Proposition 3.3 Let 

I = Ad,([(5, V, r)) = Adfe, {l{Su Vu ri)) 

he a Lagrangian subalgebra. Then S = Si, V = V\, k'^ki G Pg, and r is conjugate to 
Ti in K n Ps- 

Proof. We have Adfc-ijt^([(S'i, V^i, ri)) = i{S,V,t). Using the fact that conjugate al- 
gebras have conjugate nilradicals, it follows easily that Adk-^ki^s^ = ^s- From the 
definition of ns, it follows that S = Si. Moreover, since pg is the perpendicular com- 
plement of rig, it follows that Adk-iki normalizes p^. Since a parabolic subgroup is the 
normalizer of its nilradical, k~^ki G Pg. The remaining claims follow from the facts 
that ns is an ideal and is central in mg. 

Q.E.D. 

In the following, we study separately the pieces that come into the Karolinsky 
classification. 

3.2 Lagrangian subspaces of ig 

For a subset S of the set of simple roots, let ig be given as in (|11|). Since the Killing 
form is nondegenerate on 3^, its imaginary part 5 is a nondegenerate symmetric bilinear 
form of index (z, z) on jg, now regarded as a 2z-dimensional real vector space. Denote 
by C^g the variety of Lagrangian subspaces of ig with respect to B. 

Proposition 3.4 The variety 

is a smooth manifold of dimension ^^^-^ with two connected components C^g^, e = ±1. 
We call C^g^ the component containing 3g fl t and call C^g the other one. Each 
component is Zariski closed. 
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Proof. The first assertion follows from the identification of C^^ with 0{n) xO{n)/0{n) 
given in [ |Fo| ], Theorem 14.10. The algebraicity of each of the components can be 



derived from the discussion of charts in |Po|| following Theorem 14.10, or by noting the 
corresponding fact for the space C^gf. of complex linear Lagrangian subspaces of the 
complexification ^isc with respect to the nondegenerate Killing form (see | |A-(J-G-fl| , 



Exercise B, pp. 102-103), and verifying the easy fact that C^^ is the set of real points 
of As.c- 

Q.E.D. 

We remark that two Lagrangian subspaces V and V lie in the same component 
if and only if dim(V^ fl V) = dim(V^)mod 2. This is proved in the complex case in 
A-C-G-1^ , and the real case can be deduced from the complex case. It follows that 



t n 3g and a fl lie in the same component if and only if dim(3g) is even. 
3.3 Real forms of g 

A real form of g is clearly a Lagrangian subalgebra of g. Denote by TZ the set of all real 
forms of g. We will recall some facts about TZ in this section (see ||0-V|| or ||A-B-V|] for 
more details.) 

Let Autg be the group of complex linear automorphisms of g. Its identity component 
is the adjoint group G = Intg of interior automorphisms of g. Let Autz)(g) be the 
automorphism group of the Dynkin diagram of g. It is well-known that there is a split 
short exact sequence 

— > Intg — > Autg Aut£)(g) — ^ 0. 

Let 6 be the Cartan involution of g defined by the compact real form t. We will 
identify a real form go of g with the complex conjugation r on g such that % = g"^. 
Define a map 

^ : TZ — > AutD{g) 

as follows: 

^(r) = 0(r^) = 0(^r). 

To see that 0(t^) = (piOr), choose g G Intj, be such that ti = gTg~^ commutes with 6 
(see 



He| , Theorem III. 7.1, and the following remark). Then we get 

(P{t9) = (Pig-'ngO) = (PingO) = <P{n99-'ge) = ^{nt 
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and similarly, (piOr) = 0(^ri). Since Ti commutes with 6, we have (f){T6) = 4>{6t). In 
particular, we see that ipi'^) is an involution. 

Conversely, let d be an involutory automorphism of the Dynkin diagram D{g). 
Then d extends to a complex linear involution 7^ of g as follows: we can choose 7^ G 
Autg preserving fj and permuting the fixed simple root vectors Ea,a G 5'(E+) (see for 
example the proof of Proposition 2.7 in ||A-B-V|| ). Then 'jdiEa) = E^a and 7rf(-E_Q,) = 



E^da- If Ha = [Ea,E^a], it follows that ■yd{Ha) = Hda, and also 7^ commutes with 
the Cartan involution on generators, and therefore on all of g. 
Set 

Cis,d) = ^-\d). 

Then 

7^ = UdC{Q,d) 

is a finite disjoint union, where d runs over the set of all involutory diagram automor- 
phisms of 0. 

Let Td = 'jd^ = ^7d- Then G C{Q,d). To describe all the elements in C{Q,d), 
consider 

G--" = {ge Int, : {gTdf = 1} = {g e Int, : Td{g) = g-'}. 



If (7 G G^'^'*, then gT^ is a real form of g and ip{gTd) = d, so grd G £(0, d). Conversely, if 
r G C{q, d), then 0(r6') = 4>{jd), so r = (jfr^i for some g G Intg = ker(0). But = 1, so 
g G G^'^'*. Hence every real form r in d) is of the form r = ^fr^ for some g G G^'^''. 

Lemma 3.5 Every real form of g is its own normalizer in g. 

Proof. The proof follows easily by considering the ±1 eigenspace decomposition q = 
0" © 0-" of r. 

Q.E.D. 

Lemma 3.6 C{g,d) is a smooth suhmanifold ofGT{n,g) of dimension dimc0. 

Proof. Note that Intg acts on C{Q,d) by the action g ■ t = grg^^. The orbits of 
the larger group Autg on the set of all real forms are the equivalence classes of real 
forms, and there are only finitely many of them (see | |U-V|| ). Since Intj is the identity 



connected component of Autg and Autg has only finitely many components, it follows 
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that Intg has only finitely many orbits on the set of all real forms. Since C{g, d) is a 
subset of the set of all real forms, it follows that £(0, d) is a finite union of Intg orbits. 
Now the action of Intj on Gr(r2,g) by ((7, [) ^ g{\) is smooth and C{Q,d) C Gr(n, g) is 
a disjoint union of finitely many Int^-orbits, it follows that each Intg-orbit in £(0, d) is 
a smooth submanifold of Gr(n, g). Moreover, by Lemma |3.5| , all orbits have the same 
dimension. Thus, C{Q,d) is a smooth submanifold of Gr(r;,,g) of dimension dimcg. 

Q.E.D. 

We will show later that the closure of £(g, d) in £ is a smooth, compact and con- 
nected submanifold of Gr(n, g). 

3.4 Model points 

Lemma 3.7 The normalizer of the Lagrangian subalgebra Adk{l{S, V, r)) in g is 

AdkixiS, r)) := Adkiml , © 3^ © n^). 



Proof. It suffices to prove the statement when k = e, the identity element of K. It 
is clear that r(S', r) normalizes 1{S,V,t). Conversely, if X G g normalizes 1{S,V,t), 
it normalizes its nilradical rig, so it normalizes the perpendicular pg of rig. Since is 
parabolic, it equals its own normalizer, so X G pg. Write X = Xi + X2, with Xi G mg 
and X2 G rig. Then Xi normalizes trig ^. It follows from Lemma ^]5| that Xi G trig ^ + jg. 

Q.E.D. 



Proposition 3.8 The Lagrangian subalgebra Adk{l{S,V,T)) is a model point if and 
only = 3g n t. 



Proof. Since the set of model points is i^-invariant, it suffices to prove the proposition 
when k = e. Let Nt;{l{S,V,T) be the normalizer of 1{S,V,t) in t. By the previous 
lemma, the quotient 

N,{l{S, V, r)/t n 1{S, V, r) = (^g n 1)/{V n t), 
since 3s H t = jg fl t. The proposition now follows from the definition of model points. 
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Q.E.D. 



Remark 3.9 In fact, essentially the same argument shows that if [ = Adk{l{S,V,T)), 
then T([) = Adk{l{S,:jg fl t, r)) (see Theorem p.20| for the definition of T{l)). It follows 
that T(T([)) = T([) for [ G C. For a general Lie bialgebra, T o T ^ T . Indeed, 
for a Lie algebra u, we can form a Lie bialgebra (u, u*), where u* has the abelian Lie 
algebra structure. Its double is the semi-direct product Lie algebra structure on u + u* 
defined by the co-adjoint action of u on u*. Consider the case when u is the three 
dimensional Heisenberg algebra with basis {X, Y, Z} with Z central and [X, Y] = Z, 
and let fx, fr, fz be the dual basis. Let [ be the Lagrangian subalgebra spanned by 
X, fy and fz- Then T([) is spanned by X, Z and fy while T(T([)) = u. 



Corollary 3.10 G preserves the set of model points. 



Proof. It suffices to consider model points [(S, 3^ fl t, r). Let Ps,Ms and Ng be 
the connected Lie groups with Lie algebra p^, mg and respectively. Since K acts 
transitively on G/Pg and preserves the set of model points, it suffices to prove that 
^^^(1(5*, agflt, r)) is a model point for p G Pg. Using the Levi decomposition Pg = MgNg 
we write p = mn. Since Adnl{S,ig fl t, r) = 1(5,33 l~l '^)) it suffices to prove that Adm 
preserves model points in p^, which follows because M acts trivially on 3^. 

Q.E.D. 



Remark 3.11 In general, the adjoint group of the double Lie algebra does not preserve 
the set of model points. Indeed, let g be a semisimple Lie algebra with triangular 
decomposition g = n+[)+n_, Borel subalgebra b+ = [)+n and opposite Borel b_ = [)+n-_. 
Then the Lie algebra 5 = g © f) is the double of the pair (b_|., b„) with embeddings 
z± : b-t — >• given by i±{H + x) = {H + x,±H) with if G t), a; G n or n_. Let n G Nc{t) 
be a representative for the long element of the Weyl group. Then although b+ is clearly 
a model point, Adn{b+) is not a model point. 
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3.5 Lagrangian data 

Definition 3.12 A triple {S, e, d) is called Lagrangian datum if S* C is a subset 

of the set of simple roots, e = ±1, and is a diagram automorphism for the Dynkin 
diagram D{mg i) of mg j. If I = Adfc(l(5', r)), k E K, is a Lagrangian subalgebra, 
then [ has associated Lagrangian data $([) = {S,e,d), where e = 1 if V lies in the 
same connected component of as 3^ fl t and is —1 otherwise, and d is the diagram 
automorphism of ms,i defined by r. It follows from Proposition |3.3| that the triple 
{S, e, d) is determined by [. 

Given Lagrangian datum {S, e, d), we let 

C{S,e,d) = {l: ^i) = {S,e,d)}. 

Then 

^ = U(5_e,d)'^^(5',e,c?). 
Note that this is a finite disjoint union. 

Proposition 3.13 For each Lagrangian datum {S,e,d), C{S,e,d) is a smooth sub- 
manifold of the Grassmannian Gr(n, q) of dimension dim(l) + and it fibers over 
G/Pg with the fiber being the product of C^^^ and C{ms i,d). 

Proof. Consider the subset 

Cp^iS,e,d) = {liS,V,T)} 

of all standard Lagrangian subalgebras (see Definition attached to the Lagrangian 
datum {S,e,d). It can be identified with C{ms,i,d) x C^^^ as a submanifold of the 
Grassmannian Gr(r2,g). Indeed, C{ms^i,d) is a submanifold of the Grassmannian of 
Gr(m, tusi) where m = dim(ms_i), C^^^ is a submanifold of Gr(2;, jg), and the direct 
sum map Gr(m, tris J x Gr(2;, jg) Gr(n, g), (f/, V) U ©V"©ns is a closed embedding. 
We consider the multiplication map 

m : K XKnPs '^Ps('S', e, rf) C{S,e,d), m{k, I) = Adk{l) 

The fiber product is a smooth manifold since it is a fiber bundle over K/KDPs = G/Ps 
with smooth fiber Cp^{S,e,d). The map m is onto by the Karolinsky classification 
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Theorem |3.2| , and it is clearly smooth and proper. We will show that it is an immersion, 
and it will follow that C{S, e, d) is a smooth submanifold of Gr(n, g). 

The fact that m is injective follows from Proposition |3.3| . In order to show that the 
tangent map is injective, it suffices to show m^, is injective at points of the form 
{e,l{S,V,T)) by fT-equivariance. Recall that the tangent space at a plane U to the 
Grassmannian Gr(n, V) of n-planes in a space V can be identified with Hom(f/, V/U). 
Using this identification, the tangent space to the fiber product K XxnPs Gr(n, pg) 
at i{S,V,t) is the quotient of t © llom{l{S,V,T),pg/l{S,V,T)) by the relation (X — 
Y,^{Y) + Z) iX,Z), where X e i, Y E t H Ps, ^(Y) is the induced vector field 
at i{S,V,t), and Z G Hom([(S', V, r), pg/[(S', V, r)). Observe that for Z to be tan- 
gent to the fiber Cp^{S,e,d), we must have Z : % — 0. When we identify the tan- 
gent space to Gi{n,g) at [(5, V, r) with B.om{l{S,V,T), q/i{S,V,t)), the tangent map 
is m^{X, Z) = ^{X) + Z, where C,{X) is the induced vector field. Now the claim that 
m* is injective follows since for any X ^ t fl pg, C,{X) ■ ug ^ l{S, V, r). To verify this 
last assertion, let X G t\t fl p^, and choose a maximal root a ^ [S] such that the pro- 
jection p_Q,(X) of X to the root space is nonzero. Then [X, g^] = [p^a{X), q^] + Y 
where <^Y,Y Y, [p_Q,(X),fl^] >= 0. Since [p_Q,(X), Sq,] = [0a,0-a], which is a 

2-dimensional real vector space on which the imaginary part of the Killing form is not 
isotropic, it follows that [X, g„] is not isotropic. Thus, [X, g^] is not contained in any 
Lagrangian subalgebra. 



The dimension statement follows from Proposition 3.4 and Lemma 3.6 



Q.E.D. 

Remark 3.14 Note that G preserves C{S, e, d). The proof is similar to that of Corol- 
lary pTTO . 



Example 3.15 When S is the set of all simple roots, we have = g and e can only 
be 1, so C{S, e, d) = C{q, d). 

Q.E.D. 

Example 3.16 For g = s[(2, C), there are three C{S, e, (i)'s. First, £(S'(S+), 1, id) is a 
disjoint union of the two symmetric spaces 50(3, C)/S'0(3, M) and 5*0(3, C)/50(2, 1), 
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where the first piece consists of compact real forms and the second piece consists of real 
forms isomorphic to so (2, 1). £(0, 1, id) is the SL{2, C) orbit of t + n and is isomorphic 
to CP^. £(0, —1, id) is also isomorphic to CP^, and is the SL{2, C) orbit through a + n. 
As we will show in Section ||, £(0,1, id) C £(S'(S+), 1, id). This last closure can be 
identified with MP^, the projectivization of 2 x 2 Hermitian matrices. 

In case g = s[(3), there are eight £(5*, e, (i)'s. C{S{T,+), l,id) is a union of compo- 
nents consisting of the real forms isomorphic to su{p, 3 —p). It is a union of symmetric 
spaces. Let a be the nontrivial involution of the Dynkin diagram of s[(3). Then 
£(S'(S_|_), 1, a) consists of real forms isomorphic to s[(3,]R). There are four pieces of 
the form £(aj,±l,id) corresponding to the two choices of and the two choices of 
±1. Each of these pieces fibers over G/Pi for a parabolic Pj with the fiber being a 
symmetric space for SL{2, C). The final two components are of the form £(0, ±1, id). 
These are bundles over the full flag variety G/B with the fiber being a component of 
the variety of Lagrangian subspaces of with respect to a quadratic form of index 
(2, 2). The only nontrivial inclusions are C{ai, 1, id) C £(S'(S_|_), 1, id). 

Because of the fiber bundle decomposition of C{S,e,d) and the fact that the base 
and C^g^ are compact, the study of the closure C{S, e, d) can be reduced to the study 
of d) for semisimple. In the following Sections ^ and ||, we show that C{q, d) is a 
smooth connected submanifold of Gr(n, g). We will also determine its decomposition 
into G-orbits. These results will be applied in Section |^ to show that C{S, e, d) is a 
smooth submanifold of Gr(n, g). 

4 Extended signatures and the corresponding La- 
grangian subalgebras of g 

In this section, we give examples of Lagrangian subalgebras of q that lie in £(0, d). They 
are obtained by considering extended signatures of roots of g as slightly generalized from 
| (J-S| . They will be used in Section ^ to describe G-orbits in £(g, d). 

4.1 Extended signatures 

Recall that 

5(2+) = {ai,Q;2, 
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is the set of simple roots in E+. Let d be an involutory automorphism of the Dynkin 
diagram of g. 



Definition 4.1 An extended d-signature of the root system E is a map cr : S — > 
{— 1, 0, 1} satisfying 

(7{a) — Y\_(^{oi.iY^\ where a— ^ miCti (12) 



a{d{ai)) ^ a{ai). (13) 

We say that cr is a d-signature if a{a) ^ for any a e S. 

An extended d-signature a is determined by its value on the simple roots. If a is 
an extended d-signature, let 

supp((7) = {a e E : (T{a) ^ 0}. 

Then ■= 'S'(S+) Pi supp(a) is ri-invariant. If we use [So-] to denote the set of roots 
that are in the linear span of S^, then 

SUpp((7) = [Sa]. 

Let 

Sa,i = Wi e 'S'(E+) : a{ai) = -1}, pi = ^ /i^ e o, 

where {hi : i = 1, ..,/} C a is the set of fundamental coweights corresponding to the 
simple roots, namely ai{hj) = Sij for i,j = 1, I. Then 

- [ (-i)«(Pi), a e [S.]. ^'^^ 

Conversely, for any d-invariant subset S of 5'(E+) and any d-invariant subset Si of S, 
there is an extended d-signature a such that S — S^ and = S^,!- 

For an extended d-signature cr, let 
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as in the notation in Section Also let = ig^ be the center of rrio-, and let 



ae-S+,o-(a)=0 

Then a determines a complex linear involution Oo- of mo- by 

a^lf, = id, a^la^ = ■ id, 
where a G supp(cr). In other words, 

= Adg^p(^-p^). 



Let Td = 'jdO be the conjugate linear involution of g discussed in Section Then it 
is routine to check that T^^a '■= CLa^d is a conjugate linear involution of rrio- so the Lie 
algebra 

is a real form of ma. Set 

It is easy to check that o- is a Lagrangian subalgebra of g. 

Since is d-invariant, tuo- is invariant under 7^. Regarded as an complex automor- 
phism of rucr,!, 7(i defines an automorphism of the Dynkin diagram of m(j,i which is just 
d\s^- Let be the fixed point set of restricted to Set e = 1 if j^'* lies in the same 
component as (1 t and e = — 1 otherwise. Then, since Oo- is an inner automorphism 
of rrio-^i, we know that [^^o- G C^S^, e, d\s^)- 

Example 4.2 When a{a) = for all a, we have ld,a = f)^'* + n. On the other hand, a 
is a (i-signature if and only if Id^^ is a real form of g. In this case, ld,a G -^^(0, d). 

We choose if G f) such that a (if) > if a is a root of rio- and a{H) = if a is a 
root of mo-,1. Choose a d-signature a' such that a'{a) = a{a) if a{a) 7^ 0. Then by 
writing down generators of Idy, one can check that 

lim exp(tH)ld,a' = ld,a, 

t — >+oo 



where the limit takes place in the Grassmannian Gr(n, g). It follows that {d,cT ^ '^(0, d). 
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4.2 Extended signatures and real forms 



To relate real forms to signatures, we recall some standard results concerning real forms 
(see ||A-B-V|| , Chapter Two). Recall 

G-^'^ = {xeG: Td{x) = x-^}. 

Note that G acts on G~'^'' by 

g-kx = gxTdig'^) 
It is routine to check that if r = Ad^r^^ is an involution, then 

AdgAd^TdAdg-i = Adg^^Td 



Lemma 4.3 If x E G there exists g & G such that g -k x = t E T'^'^ is of order 2. 
Proof. Since x G G"'^'', Ad^Td is an involution. By conjugating in G, we may assume 



AdxTd and 6 commute (see [Pej , Theorem III. 7.1 and following remark). It follows that 
X E K. By |Ka], there exists u E K such that u-k x E T'^'*, so u-k x E T'^'* since 6 acts 
trivially on T. But u-k x E G^'^'^, so u -k x = {u -k x)~^ , and hence u * a; is of order two. 

Q.E.D. 



Lemma 4.4 Any I E C{g, d) is G-conjugate to a real form id^a for some d-signature a. 

Proof. We know any real form in £(0, d) is of of the form AdgTd with g E G^'^'*, so 
by the previous lemma, by G-conjugation it can be put in the form AdtTd for some 
t E T^"^ of order 2. Since t is of order 2, the eigenvalue crf(a) of t on g^, is ±1. It is easy 
to check that at is a signature, and since t E T'^'^, it is a d-signature. Hence our real 
form is conjugate to atTd- 

Q.E.D. 
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4.3 The G-orbit of id^^ 

Let a be an extended d-signature a with supp((T) = [So]- We will use L^^^^ M^,, 
and to denote the connected subgroups of G with Lie algebras [^ o-, mo-, p^. and n„ 
respectively. Recall also that = ig^. 

Lemma 4.5 

dimnj G ■ = dime g - dime 3^. 
Proof. This follows from Lemma |37? . 

Q.E.D. 



Lemma 4.6 Let a he an extended d-signature with d trivial. Then G ■ {d,cj = K ■ A - {d,cj- 



Proof. Since K acts transitively on G/ and P^ has Levi decomposition P^ = M^N^, 
we can write g = kmn, k & K,m & M^r, n G Ncr- For any real reductive group G and the 
fixed point subgroup Gq of an involution, there is a Cartan decomposition G = KAGq 
where A is chosen so that its Lie algebra 5 has maximal intersection with q^'^'^^, the 



subspace of g on which cr and 9 act as —1 (see [[Ro|| , Theorem 10). When d is trivial, 
any real form Go in C{g,d) contains a Cartan subalgebra of so up to i^-conjugacy 
we can choose a = a = it so we can take A = A, the Iwasawa factor. By the Cartan 
decomposition applied to the group M„, we can write m = k^ax, with k^ € Ma-HK, a G 
A,x E M^. Thus, we can write g = kiau, with ki E K,a E A,u E L^^^. 

Q.E.D. 



£(g, d) as the real part of the De Concini-Procesi 
compact ificat ion Zd of G 



In this section, we identify the variety C{g, d) with the real points of a De Concini- 
Procesi compactification Z^, of the group G. Since is known to be smooth, it follows 
that C{g, d) is a manifold. We also show that C{g, d) is connected and determine the 
G-orbits in C{q, d). 
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5.1 The complexification of q 

Regard fi as a real Lie algebra and denote its complex structure by Jq G End]R(0). We 
may identify its complexification with (g ® fi, Jo ® Jo) via the map 

0c — ^ (0 © 0, Jo® Jo) ■ x + iy \ — > {x + Joy, 9{x) + JoO{y)), x,y eg. 

Under this identification, the complex conjugation operator r on becomes 

T{x,Y)^{e{Y),e{x)), 

with its set of real points realized as 

ig®9y^{{X,0{X)):X eg}. 

If r C is a real subalgebra, then rc = r + it is regarded as a complex subalgebra 
of © 0. For example, fic is the diagonal subalgebra g^ = {{X,X) : X e g} and 
(t + n_|_)c = f)A + "1 + '^-2> where for a Lie subalgebra r of g, 

tA = {{X,X) : X e t}, n = {{x,0) : X e t}, t2 = {{0,x) :xet}. (15) 

The proof of the following lemma is straightforward. 

Lemma 5.1 For an extended d-signature a, the complexification ld,a,c of ld,a is 
U,a,c = {{X, aa^d{X)) : X e ma} © rial © ria-2 

Recall that <C , 3> is the Killing form of 0. Consider the symmetric form / on © 
given by 

Hi^u X2), ivi, 1/2)) =< > - -C a;2, 1/2 > . 

Then 1 C is a real Lagrangian subalgebra of g with respect to the imaginary part 
of the Killing form if and only if (c C © is a complex Lagrangian subalgebra with 
respect to /. 

If we denote by Cc the set of all complex Lagrangian subalgebras of © with 
respect to /, then we have the injective map 

C — > Cc : i I — > tc- 
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With respect to the Adjoint action of G on £, we have 

(AdgOc = Ad(9,e{3))([c)- 

On the group level, we have the analogous identification Gc = G x G. We lift r to 
an involution also denoted r of G x G. In this context, G (as the set of real points) is 
identified with the fixed point set of r as 

{{g, 0(9)) ■■ g^G} 

Let GA,d = {(a;,7d(a;)) : x G G}. Then (G x G)/Gi\^d is an example of a complex 
symmetric space, and De Concini and Procesi ||D-P|| have exhibited a particular smooth 
compactification Za of (G x G)/GA,d- 

5.2 The De Concini-Procesi compactification 

Note that G xG acts on the Grassmannian of ra-dimensional complex subspaces of 0©g 
through the Adjoint action, where n = dime g. Consider the 7rf-diagonal subalgebra 

flA,d = {(^,7d(X)):XGfl} 

of © g and the orbit (G x G) ■ g^.d inside the Grassmannian. The stabilizer subgroup 
of G X G at 0A,d is GA,d, so (G x G) ■ = (G x G)/GA,d- By definition, the 
De Concini-Procesi variety is the closure (with respect to the Zariski or the classical 
topology) of (G X G) -flA.d in the Grassmannian. It will be denoted by Zd and it is called 
the De Concini-Procesi compactification (of (G x G)/GA,d)- It is a smooth complex 
manifold of complex dimension n (see [p-P|| for more details). Since the variety of 
complex Lagrangian subalgebras is G x G stable, it follows that every element in Zd is 
a complex Lagrangian subalgebra of g © g of dimension n. 

It is known ||D-P|| that GxG has finitely many orbits on Z^- We describe the orbits. 
Recall that 5'(S_|_) = {ai, . . . , ai} is the set of all simple roots. Let r] : 5'(S+) {0, 1} 
be any map. Regarding rj as an extended signature for the trivial involution, we have 
the parabolic subalgebra 

and n^_ = ^(n^) of g. Consider the subalgebra 

0d,,j = {{X, -fdiX)) : X e m^} © a^-^ © T^n^.^. 
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Note that when t] is constant on d-orbits and is regarded as an extended d-signature, 
we have ed,v = kri,c- 



Theorem 5.2 j\D-F^ Every point v E Zd is in a G x G orbit of q^ ,^ for some rj. 



We say that a complex subalgebra r of g © g has a real structure if it is the complex- 
ification of a real subalgebra of g under the identification sc — This is equivalent 

to the condition that r(r) = r, and in this case, 

= ('^^)c, 

where r"^ C g © g, the fixed point set of r in r, is identified with its image in g under 
the projection g © g g : (x, i-^ 

Notation 5.3 We will denote the set of all Lie algebras in Zd with a real structure by 

Zd,R- 

Note that q^ ^i ^ Zd,R. In fact, 

BA,d = (id.ajc, 

where cTi(a) = 1 for all a. 

In fact, g,^ ,j is in if and only if rj is constant on (i-orbits. 

Since r preserves gA,d, t preserves the open subset {G x G) ■ g^.d C Zd- Since r 
is continuous, it follows that r preserves Zd- Thus, Zd^R is the set of real points of a 
complex compact manifold, so Zd^K is a compact manifold. 

5.3 G-orbits on 

Recall that for every Lagrangian subalgebra ( C g, 

(Ad,(0)c = (Ad„Ade(,))([c), yg e G. (16) 



Proposition 5.4 Every r G Zd,R is G-conjugate to ld,(7,c for some extended d-signature 
o. 
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Proof. Let t = {gi, g2) • gd,r) for some 77, so 

^ = {(Adgi(|/ + Zi),Adg^'yd{y + 2^2)) : y G m^,^i e n^,2;2 G n^_}. 
Since t has a real structure, r(r) = r, so 

(Ade(s2)Td(y + Z2), Ado(g^)e{y + zi)) 
is in r, so that AdQ(^g^)Td{y + Z2) = Adg^(M + Vi) for some m G m,, and Vi G n^. But 

P77 = {^(y + ^2) : y G m^, 2:2 G n^_}, 

so Ad^-ig(^^)7rf(p,,) C p,,. Since 7d(p^) is G-conjugate to p,,, it foUows that 7d(p^) = p^. 
Since is the normahzer of p^, it follows that g\^0{g2) G Pr,, so gf2 = d{giP), for some 
p G Pr,. Thus, 

1^ = {(Adpi(?/ + zi), Ade(gi)e(p)7<i(z/ + ^2)) : y G m^, G n^, Z2 G n^_}. 
Thus, up to G-conjugacy, 

t = {(y + 2:1), Ade(p)7d(|/ + Z2)) : 1/ G m^, 2:1 G n^, Z2 G n^_} 
and m^, and n^_ are 7d-stable. 

We write 6{p) — lu with I G M^, -u G A^^_. Since 

{m ■ (y + 2:2) : y G m^, Z2&n^_} = {{y + W2) : ye m^, W2 G n^_} 
it follows that 

^ = {((y + ^1), Adi7d(y + Z2)) : y G m^, ^1 G n^, Z2 G n^_}. 

We use again the assumption that t has a real structure and the facts that ^(m^) = m^, 
^(n^) = n^_, preserves the decompositions p^ = m^, + and ^(p,,) = + n^_. Since 

T{y + zi, Adaaiv + Z2)) = {Ado(i)jd{0{y) + ^(-^2)), 0{y) + e{zi)), 
we see that 

{Ade(07dy, y)- y G m^} = {(y, Adi7d(y)) : y e m^} = {(7d(Adi-iy), y) : y e m^}. 
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Hence, Ad6i(/)7d = 7dAdi-i, and it follows that Td{l) = I ^. 



Now, by Lemma [4 .31 , there exists v G such that v -k I = t E T'^'^ of order 2. But 



it is easy to check that 

Hence, after acting by an element of M^, we may assume that r = (1, t) ■ Qd,ri ^^nd that 
t e T'^'^ is an element of order 2. 

As before, let crt{<y) be the eigenvalue of t on the root space q^- Then at is a d- 
signature and we can define a new extended ci-signature a' by 



Then (1, = ko-'.C; using Lemma |5?T|, which completes the proof of the proposition. 

Q.E.D. 



5.4 Geometry and topology of the closure jC{Q,d) 
Theorem 5.5 ZdK is connected. 



Proof. Since G is connected. Proposition |5.4| implies that it suffices to find a path 
from [rfo-c to the solvable Lie algebra ld,ao,Cy where o"o(a) = for all a G S. Note that 

ld,ao,C = {{H, ld{H)) : iJ G f)} © ni © n_2- 

Let if G f) have the property that a{H) > for all a G S+. If X G mo- fl g^j, a G S+ 
then 

limt_+oo(Adcxp(iH), Ade(cxp(tH))C(X,7rf(X)) = C(X, 0), 
and if X G mo- n Act, a G — S+, 

limj^+oo(Adexp(t/f), Ade(exp(t/f))C(X,7rf(X)) = C(0,7d(X)). 

Since 

[d,(T,c = {{^-.IdaiX)) : X G m^} © n^i © n^-a) 

it follows that 

linit^+oo(Adexp(t_ff),0(exp(tH)))'d,cr,C = Id 
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Q.E.D. 



Remark 5.6 This theorem can also be proved by observing that Z^^k has a unique 
closed G-orbit G ■ ld,<jo,c- The Lie algebra ld,ao = f)^'* + n. When d is non-trivial, and a 
is a (i-signature, the curve exp(adti^) id^o- provides a class of examples when T : C ^ C 
is not continuous (see Remark ^.211) . 



Notation 5.7 We will use Zd,r) to denote the G x G-orbit through g^.^. We let rji be 
the extended ci-signature such that rji{ai) = 1, all G 5(2+). Then g^.^^ = g^,^, and 
Zd,rti is the unique open G x G orbit in Zd- 



Theorem 5.8 



C{s,d) = Zd,i 



under the complexification map I — > Ic. In particular, £(g,c?) is a smooth manifold. 



Proof. By Proposition ^.4| , we know G has finitely many orbits on Zd,R, and the 
orbits are given by extended (i-signatures. The open orbits are given by the orbits 
through ld,a,c, where a is a (i-signature. Indeed, in the proof of Proposition we 
showed that Zd^n^ZdM is a finite disjoint union of G-orbits G- ld,a,c with = 77(0;) 

for every root a. Moreover, each of these G-orbits has the same dimension by Lemma 
0| . It follows that the orbits G ■ ld,a,c are the connected components of Zd^n H Zd^u for 



rj = \a\ and also that the G ■ ld,a,c are locally closed. Since Zd^r^i is open, the orbits 
G ■ ld,a,c are open when a is a (i-signature, and by the dimension statement, none of the 
other orbits are open since Zd^R is connected. Moreover, it follows from the fact that 
Zd^-R is a finite union of locally closed orbits that the union of the open orbits is dense. 

Now it suffices to prove that £(g, d) surjects onto the open orbits of Zd^R. By Lemma 



4^ , we know that every real form in £(g, d) is Adgld^a, for some ^-signature a. It follows 
from ( ]T6| ) and the above description of open orbits on Zd^R that £(g, d) maps onto the 
union of the open orbits of ZdM- 

Q.E.D. 



37 



Lemma 5.9 The Zariski closure of £(0, d) coincides with its closure in the classical 
topology. 

Proof. We know 

where the union is over all ci-signatures and Zd.r]i is the open G x G orbit on Zd- Thus, 
C{g, d) is the real points of Zd^ni- But the Zariski closure of the real points is contained 
in the real points of the Zariski closure, so the Zariski closure of £(g, d) is contained in 
Zd,^. = 'C,{3,d). Since the classical closure of C{Q,d) is contained in the Zariski closure, 
it follows that they coincide. 

Q.E.D. 



5.5 Open orbits in jC{s,d) 



In this subsection we identify the open orbits in Zd^R with symmetric spaces. 

Proposition 5.10 Let t be a real form of a semisimple Lie algebra g, and also denote 
its lifting to the adjoint group G by r. Then 

G^ = NG{0n- 

(see \D-F\] for the holomorphic version of this fact. The proof is essentially the same). 



Corollary 5.11 For a d-signature a, the open orbit G ■ ld,a,c is the semisimple sym- 
metric space GjG'^'^'" . 

Proof. The above proposition imphes that the stabilizer NG{id,a) = G^'^''' . 

Q.E.D. 
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5.6 Another description for £(0, id) 



The set £(0, id) has been most important for apphcations. In this section, we give 
another description of it. 

When the diagram automorphism d is trivial, we will refer to the corresponding 
real De Concini-Procesi compactification as instead of Zd,R- By Theorem ^Tsj = 



£(g,id). It will follow from the description of irreducible components in Section ^ 
that is the unique irreducible component of C containing t We let 

Co = {le C: rank(j n l) = rank(!)}. 

It is the set of Lagrangian subalgebras of C containing the Lie algebra of a maximal 
torus of t. 



Proposition 5.12 Cq = Z^- 

Proof. Write 1^ for Id^a for d trivial. First assume [ = Adgld^a lies in Z^. By Lemma 
we can write I = Ad^Adalo-, for A; G -ft', a G A. But contains t, so Ad^Adalo- 
contains Adfc(t), since A acts trivially on t. Thus, I G £o- 

Now assume a Lagrangian subalgebra [ contains the Lie algebra of a maximal torus 
of K. By ||Ka|| , we know I = Adfc(mg ^ © V" © ng), for some (5*, V, r). By the assumption 
on [, we may assume that m^^ i (B V contains t. Then = t fl 35 and ^ contains a 
Cartan subalgebra of fl i. But it is easy to show that if r does not have trivial 
diagram automorphism, then i does not contain a Cartan subalgebra of ms,i H It 
follows easily that I E Z^. 



Q.E.D. 

We remark that it follows that G acts on Cq, a fact that is not clear from the 
definition of Cq. 

Corollary 5.13 All points oj Z^ are model 'points 

Proof. This follows from Proposition p.8| and the observation that if [(S*, V, r) contains 
t, then \/ C t. 
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Q.E.D. 



Remark 5.14 It follows from Corollary ^.131 that many familiar Poisson structures 



are contained in as G or orbits with the Poisson structures being the restriction 
of the Poisson structure 11 on £ defined in Section p.2| . For example, we can identify 
G ■ t = G/K, and the Poisson structure induced hj U on G/K = AN is the negative 
of the Poisson structure ttan that makes AN into the dual Poisson Lie group of K. 
More generally, by looking at G-orbits in C{Q,d), we obtain in this manner a Poisson 
structure on G/Gq for every real form Go of G. The Poisson manifolds arising from 
fT-orbits in Zm are studied in more detail in Section 171. 



Remark 5.15 Not all points in Zd,K are model points when d is not trivial. The 
criterion for ld,a to be a model point is that if a{a) = 0, then d{a) = a. 



In [[E-L|| , we introduced certain i^- invariant metrics gx on T*{K/T) for A G a 



the set of elements in a whose centralizer in K is T. These metrics are important for 
showing that an operator S introduced by Kostant is a limit of some Hodge Laplacians 
^A. The existence of this family simplifies the proof of Kostant 's basic result that Ker(S') 
is isomorphic to H*{K/T). We remark that the metrics gx can be understood in terms 
of the restriction of a Riemannian metric on the Riemannian symmetric space G/K. 
Since Zr is a compactification of G/K with closed orbit the flag manifold G/B, this 
observation provides evidence that embedding the Bruhat-Poisson structure on G/B 
into the manifold is useful in Poisson geometry. 

We give the construction of this metric. We can identify the tangent space of G/K 
at gK with Adg{it-). The Killing form is positive definite at Adg{ii), and we let s be the 
metric on G/K given by taking the square root of the Killing form metric on Adg{ii). 

Let Hx G a be such that X{H) = {Hx, H) and let ax = exp{Hx). Then the K-orbit 
through axK G G/K can be identified with K/T. If we restrict the above metric s to 
a metric sa on i^' ■ axK C G/K, and use sx to identify the cotangent bundle with the 
tangent bundle, then one can show by easy calculations that we obtain the metric gx 
from |[E-L|| . 
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6 Geometry of C{S^ e, d) 



In this section, we combine results from Section |^ with results from Section |^ to study 
the closures £(5*, e, d). 



6.1 Smoothness of C{S,e,d) 



Theorem 6.1 Each C{S, e, d) is a smooth connected suhmanifold of the Grassmannian 
Gr(r2, g) of dimension dim(t) + ^('^"^^ . It fibers overG/Ps with the fiber being the product 
of C^g^ with C{m.s,iid), the real points of a De Goncini-Procesi variety. 



Proof. Recall from the proof of Proposition |3.13| that 

^Ps^S,e,d) = C^g^ X £(ms.i,ci) 

Thus, 



£p^(5',e,d) = £3^^ X C{ms,ud) 
because £3^^ is already closed. Once we identify 



KxKnPsC-Vs^S^^^d)^C{S,e,d) 
the theorem will follow from Theorem |5.8|, Theorem |5.5|, and Proposition 



So we consider the map 



m : K XkxPs Cp^{S,e,d) C{S,e,d) 

given by m(/c, l) = Adkl It is easy to see that Karolinsky's Theorem |3]^ implies that 
m is onto. It suffices to check that m is an immersion, since m is clearly smooth and 
proper. To show m is injective, suppose that for i = 1,2, l{Si, Vi, Ti) G ^^pg^S, e, d) and 
Adk^\.{Si, Vi, Ti) = Adk.2i{S2, Vi, T2). It follows as in the proof of Proposition |^ that 
= 5*2 and ki~^k2 G K Ci Psj. Note that ng C n^^, so Ps^ C Pg. It follows easily 
that m is injective, and the proof that the tangent map m^, is injective is similar to the 
proof of the same fact in Proposition |3.13. 



The dimension statement is clear from Proposition 3.13 



Q.E.D. 
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6.2 Irreducible components 



In this subsection we determine the irreducible components of £. 



Proposition 6.2 C{S, e, d) is Zariski closed and irreducible. 



Proof. Since C{ms i, d) x C^^^ is Zariski closed in Gr(n, g) via the embedding (l, V) — > 
[ + V + ns (Proposition and Lemma , it follows that G Xp^ {C{ms,i,d) x J is 
Zariski closed in G Xp^ Gr(n, g). Moreover, the map m : G Xp^ (C(ms,i,d) x C^g J — >■ 
Gr(n, 0) is projective, so its image is Zariski closed, and irreducible since the domain 



is irreducible. Thus, the proposition follows from Theorem 6.1 



Q.E.D. 

Definition 6.3 Lagrangian data {S, e, d) is said to be inessential if S* = — 

d = d'\s for some diagram automorphism d' of S'(S_|_), and e = 1. Otherwise, {S,e,d) 

is called essential. 

Proposition 6.4 Lagrangian data [S, e, d) is inessential if and only if C{S, e, d) C 
dC{S' , e , d') for some Lagrangian data {S',e',d'). 



Proof. If {S,e,d) is inessential, then we claim C{S,e,d) C C{S{T.+),l,d'), where 
d'\s = d. Indeed, since dim(35) = 1 and e = 1, the Lagrangian subspace V in 3^ is 



35 n t. It follows from Theorem p.2| and Lemma |4.4| that each subalgebra in C{S, e, d) 
is G-conjugate to mp^f © 3s fl t © n., for some a. But this algebra coincides with ^. 
Hence, C{S, e, d) = U^G ■ l^' ^, so 



C{S,e,d) c Z^' jj = ^d,d') 



Suppose that C{S, e, d) C dC{S' , e', d'). It follows that S* C S*' so dim(3g) > dim(3s/^ 
Moreover, by Theorem |6.1|, we have 



dim(3g)(dim(3g) - 3) ^ dim(3g,)(dim(3g,) - 3) 
2 2 
It follows that dim(35) = 1 and dim(3s/) = 0. Thus, C{S',e,d') = C{2,d') consists of 
real forms. But C{g, d') = Z^i jg, so every subalgebra in C{S, e, d) is G conjugate to some 
\d,a by Proposition |5.4| . Since 3^ is one-dimensional, and 7^' acts by permutations on f), 
it follows that 7^/ acts trivially on 3^, so the Lagrangian subalgebra of 3^ associated by 
Karolinsky's classification with {d,a is 3s Ht. Thus, {d,a € C,{S, l,d\s), and the assertion 
follows. 
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Q.E.D. 



Corollary 6.5 

1^ = Uessential(S,e,d)'^('S', 6, 6) 

is the decomposition of £ into irreducible components. 

Proof. By Proposition each £(5", e, (i) is irreducible. Thus, the irreducible compo- 
nents are the li{S^ e, d) not properly contained in any other £(S", e', c?'). By the previous 
Proposition, these correspond to essential data. 

Q.E.D. 

Corollary 6.6 £(S'(S+), l,id) = £(5, id) = £0 the only irreducible component of C 
containing t. 

Proof. The Zariski closure of G ■ 6 is easily seen to be £(S'(S+), l,id), which is not 
contained in any other irreducible component by the previous Corollary. 

Q.E.D. 

Note also that £ itself is typically not smooth, because different irreducible com- 
ponents can intersect. This does not happen for s[(2), but for 0[(3), the components 
£(S'(S_|_), 1, id) and £(0, 1, id) intersect in the flag variety of SL{3, C). 

7 The Poisson structure U on C 

In this section, we study some properties of the Poisson structure 11 on £ defined in 
Section ^. More specifically, we relate 11 to the Bruhat Poisson structure and determine 
the {K, TTj^-) -homogeneous Poisson spaces defined by points in £0 = £(3, id). 
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7.1 The fibre projection jC{S,e,d) G/Pg is Poisson 

It is clear from the definition of 11 that every G-invariant smooth submanifold of C is 
a Poisson submanifold. Thus, each C{S, e, d) is a Poisson submanifold. On the other 
hand, equip Gj Ps with the Bruhat Poisson structure vToo, which is the unique {K, hk)- 
homogeneous Poisson structure on G/Pg that vanishes at the identity coset ePg. Recall 



from Theorem ^]T| that we have the fiber bundle C{S, e, d) G/ Pg. 



Proposition 7.1 The fiber projection cf) from C(S, e, d) to G/ Ps is a Poisson map. 

Proof. First, we observe that the projection cf) is G-equivariant. Indeed, we can 
identify K XkhPs '^Ps ('^' ^' ^) 'with G Xp^ Cp^ (S, e, d) via the obvious inclusion, and the 
map from G Xp^ jCp^{S, e, d) to C{S, e, d) is given by the Adjoint action (^f, l) i— > Adgl 
Then the projection to G/Ps is given by {g, l) i— > gPs, which is obviously G-equivariant. 

Recall that the Poisson structure on C{S, e, d) is induced by the element G A^g 
given in Section [^.2| . Since is G-equivariant, it follows that ^^.II is given by the 
bi-vector field on G/Ps induced by ^R, so we just have to check that induces the 
Bruhat Poisson structure on G/Ps . It follows from the definition of the Drinfeld map 
that the Lagrangian subalgebra associated with the point ePg by tToo is (t fl p^) © %. 



By Theorem \2.22[ the Drinfeld map 

P : {G/Ps, VToo) ^{K-{{inps)(B ns), U) 

is a Poisson map. The normalizer of (tflpg) ©% in i^T is KCiPs, and it follows that the 
Drinfeld map is a diffeomorphism, so tTqc coincides with 11. Since the Poisson structure 
n is induced by ^R, the result follows. 

Q.E.D. 



7.2 {K, TTx)- homogeneous Poisson spaces determined by points 
in Co 

We now turn to the Poisson submanifold (Cq,^), where Cq = C{g,id) is the unique 
irreducible component of C that contains t. We study the {K, 7rx)-homogeneous Poisson 
spaces determined by points in Cq (see Definition p?9|) . 

By Corollary |5.13| , every point in Cq is a model point. It follows from the discussion 
in Section that each [ G Cq can determine a number of {K, 7rx)-homogeneous Poisson 
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spaces, Indeed, let Nk{() be the normalizer subgroup of [ in K. Then for any subgroup 
Ki of K with the same Lie algebra [ fl ? as Nk{(), the space K/Ki carries a unique 
Poisson structure vr such that the covering map 

P : K/Ki — > K/Nk{i) = K-[(1Cq: kK^^ — > kNKi}) 

is a Poisson map. The space {K/Ki,ti) is automatically (if, tt/^) -homogeneous, and 
the map P is its Drinfeld map (see Definition 2^). Examples of Ki are Ki = Nk{i) 



or Ki is the connected component of the identity of Nk{()- We can characterize these 
{K, 7rx)-homogeneous Poisson spaces determined by points [ G £o as follows. 

Proposition 7.2 All {K,7Tk) -homogeneous Poisson spaces {K/Ki,it) determined by 
points in Cq (see Definition ^7^ ) have the property that Ki contains a maximal torus 
of K. Conversely, all [K^t^k] -homogeneous Poisson spaces with this property are de- 
termined by points in Cq- 

Proof. The first part of the proposition follows from the definition of Cq- Now let 
{K/ Ki, it) be any {K, 7rx)-homogeneous Poisson space such that Ki contains a maximal 
torus of K. Then the Lie algebra ?i of Ki contains the Lie algebra of a maximal torus 
of K. Consider the Drinfeld map 

P : K/Ki — > C. 



Let [ = P{eKi) e C. Then by Drinfeld's Theorem |J, ti = [RJ and Ki C Nk{i). Thus 



[ G £o by the definition of Cq, and {K/Ki, vr) is determined by I. 

Q.E.D. 



The second part of Proposition 7.2 can be rephrased as the following 



Corollary 7.3 Every {K,ttk) -homogeneous Poisson space {K/Ki,tt), where Ki is a 
closed subgroup of K containing a maximal torus of K , is a Poisson submanifold of 
(£o; n) up to a covering given by its Drinfeld map. 



Remark 7.4 Examples of Ki in Proposition 1?^^ are if fl Q, where Q is a parabolic 
sungroup of G, so the corresponding homogeneous space is a flag manifold K/ {Kf\Q) = 
G/Q. 
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7.3 The normalizer subgroup of i ^ jCq in K 

We now study the normalizer subgroup Nk{() of an arbitrary I E Co itl K and determine 



when it is connected. By Lemma ^]6| and Proposition |5]^, we can write I = AdkAdaid.a 
for some k E K,a E A and extended signature a for d = id, the trivial diagram 
automorphism. In what follows, we will write l„ = kd^^ and call an extended signature 
for d = id simply an extended signature. Write a = exp if with H E a and further 
decompose H = H1+H2 with Hi G aflmo-,! and H2 G afljo-. Then Adexp/flo- = Adexp/filo- 
since H2 normalizes l^. Thus, we can assume [ = AdcxpH^a with H G a fl mo-^i. We will 
write lH,a = Adexp^Ia- 

Lemma 7.5 For In^a = Adcxp/fto-, where cr is an extended signature and H E aCl m^^^i, 

iH,a n ! = t + n„ + span,K{XQ,, : a{a) = 1, a{H) = 0}. 

Proof. This follows from the fact that 

Adexp/flfT = t + n^ + spanig;{Adexp/fXa, Adexp^'J^a : (^(a) = 1} 

+ span]j,{iAdexp//^a, iAde^pnYa : a{a) = -1}. 

Q.E.D. 

We now describe the normalizer subgroup of In^a in K. 

Notation 7.6 For an extended signature a and H E a H m„^i, let Sg. = {a G S : 
a{a) = 1}. Let be the subgroup of the Weyl group generated by the simple 
reflections corresponding to the simple roots in the support of a. Let 

WH,a = {weW^: wT,^ = S^, wH = H} CW^ C W. 

Let 

where p : Nx{t) ^ W = NK{t)/T is the projection from the normalizer subgroup 
Nxit) of t in i^' to the Weyl group. Finally, let K^^a be the connected subgroup of K 
with Lie algebra lH,a H t. 
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Proposition 7.7 For an extended signature a and H G aCi rrio-^i, the normalizer sub- 
group Nxi^H^a) oflH,a = Adexp/fl^ is given by 



Proof. It is clear from Lemma [TSl that N' (lH,a) normalizes lH,a, so it normalizes [^.o-Ht 



and the corresponding connected group KH,a- This imphes the second equality, and 
the inclusion Ku^aN' {\.H,a) C NK{^H,a)- 

Conversely, suppose that k E K normalizes In, a- Then it normalizes the group Kjj^a, 
so AdfcT is a maximal torus of Kh,cti where T is the maximal torus of K with Lie algebra 
t. Thus there exists ki G Kh,u such that Adj;.-iAdfcT = T, i.e., ki^k G Nk{T) = Nxit). 
Write n = k^^k, so that k = kin. It remains to show that n G N' (Ih,^)- 

Denote by w„ the Weyl group element nT G W. Since n normalizes In, a, it normal- 
izes its nilradical no-. Thus w„ G W„. Now for each a G [So], the support of a, consider 
the space 



By the description of the basis of lo-, we know that the Killing form of g restricted to 
Va is either negative definite or positive definite depending on whether a (a) = 1 or 
(r{a) = —1. Now since n normalizes lH,a, it permutes the spaces Va, for a G [Sa]. 
But n preserves the Killing form, so a{a) = 1 implies a{wnC() = 1- In other words, 
Wn^o = So-. It also follows that n normalizes l^- Therefore we have 



An easy calculation shows that this implies a{H) = a{wnH) for all a G [S^]- Since 
H G a n mo-,1 and w„ G W^, it follows that H = WnH. Therefore Wn G Wff^a, or, 
equivalently, n G A^'([_ff,o-). 




Q.E.D. 



Corollary 7.8 Let the notation be as in Notation \7.(\ . Then 



NK{lH,a)/KH,a 



N'{lH,a)/N'{lH,a)nKH,o. 
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Remark 7.9 For an extended signature a, the group 



contains the subgroup generated by reflections {sa} for a E So- as a normal sub- 
group. Indeed, this follows from the formula for and Formula (0) for a. Set 
Z„ = Wq^^/R^. Regard cr as a signature for the root system [Sa\- Then a defines a 
signature for each irreducible subsystem of [S^j] , and we can calculate Z^^ separately for 
each irreducible subsystem. The group Z„ is computed for each simple Lie algebra in 
| 0-S|| , Table 3, p. 80, and explicit elements are given. For example, when g = 5l{n, C), 



then if [g- ^ 5u{n/2,n/2), then Z„ is trivial, and if lo- = 5u{n/2,n/2) then Z„ is a 
group with two elements. Z„ has no more than two elements except in the case when 
= so(4n, C) and 1^ = so(2n, 2n), when Z^j is the Klein 4-group. In particular, the 
group Wo^cr can be calculated explicitly in each case. It follows that we can compute 
the group WH,a explicitly. 

7.4 (iC, TTx)- homogeneous Poisson structures on K/T 

In this section, we determine all {K, tt^) -homogeneous Poisson structures on the full 
flag variety K/T, where T is the maximal torus of K with Lie algebra t. 



By Proposition 17721 , we only need to identify those [ G Co such that [ fl t = t. We 
can assume [ = lH,a = Adexp/flo-, where a is an extended signature and H E aH m^,!, 
because the Poisson structure on K/T determined by any I = Adk[// o- for some k E K 
(such that [fl t = t) will be i^'-equivariantly isomorphic to the one determined by In^a- 

Proposition 7.10 Let a be an extended signature and let H E a Cl mo-,i. Let \h,ct = 
Adexp/fto-- Then lH,a Hi = t if and only if a{H) ^ for all a G So-. 



Proof. This is a direct consequence of Lemma 7.5. 



Q.E.D. 

For every Ih^^- such that In^a H J = t, denote by iiH^a the associated {K, ttk)- 
homogeneous Poisson structure on K/T. 

Corollary 7.11 The collection {TTH,a}, as cr runs over all extended signatures and as 
H takes all elements in a fl mo,i such that a{H) ^ when a{a) = 1, gives all {K^Hk)- 
homogeneous Poisson structure on K/T. 
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An explicit formula for tt/^ cr is given in |[Lu4|| as 

I f ^ 1 



yae[Sa]r\T,+ 



a(aie 



2a(H) 



where p : K K/T is the natural projection, and the second term on the right hand 
side is the K-invariant bi- vector field on K/T whose value at e = eT is the expression 
given in the parenthesis. The fact that these are all the {K, tt/^) -homogeneous Poisson 



structures on K/T up to i^'-equivariant isomorphisms is also proved in | Lu4 | by a 
different method. Namely, we show in [[Lu4|] that every such Poisson structure comes 
from a solution to the Classical Dynamical Yang-Baxter Equation ||li)- V||. In |[Lu4 



we also study some geometrical properties of these Poisson structures such as their 
symplectic leaves, modular vector fields, and moment maps for the T-action. 

Recall from Proposition |7]^ and Notation |7^ that when In^a H 6 = t, the normalizer 
subgroup NK{\-H,a) of \.H,(T in K lies in the normalizer subgroup of t in and we have 

Nk{Ih,,)/T = WH,a = {weW,: w^, = ^^,wH = H}. 

When WH,a is trivial, the Poisson manifold {K/T, TiH,a) embeds into {Cq, 11) as a Pois- 
son submanifold. When WH,a is not trivial, it follows from Proposition |2.27| that action 
of Wh,ct on K/T from the right defined by 

{K/T) X WH,a — > K/T : {kT, w) i — > kwT 

is by Poisson isomorphisms. Thus, the group WH,cr gives symmetries of the Poisson 



structure. As we mentioned in Remark 7.9, this group can be calculated case by case. 



Remark 7.12 If G a is regular in the sense that it is not fixed by any Weyl group 
element, then Wn^a is trivial for any a. On the other hand, Borel and de Siebenthal 
showed that every nontrivial signature a corresponding to the trivial diagram auto- 
morphism can be put in a form such that (j{ak) = — 1 for exactly one simple root ak 
|B-deS|| or [ p-S|| , Appendix. In particular, the group Wq^^ contains the Weyl group of 
a maximal Levi subgroup, so for Wn^a to be trivial, H cannot be fixed by any element 
in a maximal Levi subgroup, so in particular, H can lie in at most one wall. 
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Example 7.13 We can compute the Poisson structure 11 on Cq explicitly for the case 
of g = s[(2,C). In this case, it follows from | p-P| | that Cq can be G = PSL{2,C)- 
equivariantly identified with MP^, regarded as the projectivization of the space H of 
2x2 Hermitian matrices, where the action of G on 7i is by 

goX = gX-g\ geG.XeU. 



The i?-matrix i? G g A g (see Section |27^ ) is explicitly given by 

R = [ih A h - Xo, A iE^ + Fa A E^) , 

where 

^"271(0 -1)' ^"=2(-l 0)' ^"=2(^ 0)' 
and Ea = \{Xa — iYa). Denote by f : g X^(^) the Lie algebra anti-homomorphism 
defined by the above action of G on Ti, where is the space of vector fields on Ti. 

Then U = \v{R) is a Poisson structure on Ti. Write an element of Ti as 

_ ( X u + iv \ 

\ u — iv y J 

with X, y,u,v & M. Then the Poisson brackets for 11 are given by 
{x, y} = 0, {x, u} = -^yv, {x, v} = ^yu 
{y, u} = ^yv, {y, v} = -^yu, {u, v} = ^y{y-x). 

Note that 

ci = X + y and C2 = xy — — f ^ 

are two Casimir functions. Hence all SU (2)-orbits are Poisson submanifolds. Since 
this Poisson structure is quadratic, it gives rise to one on RP^, which is the Poisson 
structure 11 on Cq. It can be checked that by looking at the S'f/(2)-orbits through the 
points in RP^ corresponding to 



b 
1 



6 G R,6 ^ 1 

we get all the (i^, Trj^) -homogeneous Poisson structures tth^ct on SU{2)/S^, up to K- 
equivariant isomorphisms, as discussed in Section [Tlj By identifying SU{2)/S^ with 
S"^ = {{x, y, z) & : x"^ + y"^ + z"^ = 1}, these Poisson structures are given by 

111 

{x, y} = -{x + 2a — l)z, {y, z} = -{x + 2a — l)x, {z, x} = -{x + 2a — l)y, 
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for a e R. Note that the antipodal map is a symmetry for the case when a — \. 
This corresponds to the fact that the stabihzer subgroup in SU{2) of the point in IRP^ 

corresponding to ^ ^ 1 ) ^^^^ connected components. 

References 

[A-B-V] Adams, J., Barbasch, D., and Vogan, D., The Langlands Classification and 
Irreducible Characters for Real Reductive Groups, Birkhauser, 1992. 

[A-C-G-H] Arbarello, E., Cornalba, M., Griffiths, P., and Harris, J., Geometry of 
Algebraic Curves, Vol. 1, Springer- Verlag, 1985. 

[B-deS] Borel, A. and de Siebenthal, J., Les sous-groupes fermes de rang maximum 
des groupes de Lie clos. Comm. Math. Helv. 23 (1949), 200-221. 

[D-P] De Concini, C. and Procesi, C, Complete symmetric varieties, in Invariant 
Theory (Montecatini, 1982), Lecture Notes in Math.., Vol. 996, Springer, Berlin- 
New York, 1983, 1-44. 

[D] Drinfeld, V. G, On Poisson homogeneous spaces of Poisson-Lie groups, Theo. 
Math. Phys. 95 (2) (1993), 226 - 227. 

[E-L] Evens, S. and Lu, J.-H., Poisson harmonic forms, Kostant Harmonic Forms, and 
the 5 ^-Equi variant Cohomology of K/T, Adv. Math. 142 (1999) 171-220. 

[E-V] Etingof, P. and Varchenko, A., Geometry and classification of solutions of the 
classical dynamical Yang-Baxter equation. Comm. Math. Phys. 192 (1998) 177 - 
220. 

[He] Helgason, S., Differential geometry. Lie groups, and symmetric spaces. Academic 
Press, 1978. 

[K-S] Korogodski, L. and Soibelman, Y., Algebras of functions on quantum groups, 
part /, AMS, Mathematical surveys and monographs. Vol. 56, 1998. 

[Ka] Karohnsky, E., The classification of Poisson homogeneous spaces of compact Pois- 
son Lie groups (in Russian), Mathematical physics, analysis, and geometry 3 No. 
3/4 (1996) 274 - 289. 



51 



[Ko] Kostant, B., Lie algebra cohomology and generalized Schubert cells, Ann. of 
Math., 77 (1) (1963), 72 - 144. 



[K-K] Kostant, B. and Kumar, S., The nil Hecke ring and cohomology of G/P for a 
Kac-Moody group G, Adv. Math. 62 (1986) No. 3, 187 - 237. 

[L-W] Lu, J.-H. and Weinstein, A., Poisson Lie groups, dressing transformations, and 
Bruhat decompositions. Journal of Differential Geometry 31 (1990), 501 - 526. 

[Lul] Lu, J. H., Multiphcative and affine Poisson structures on Lie groups, PhD thesis. 
University of Cahfornia, Berkeley, (1990). 

[Lu2] Lu, J.-H., Poisson homogeneous spaces and Lie algebroids associated to Poisson 
actions, Duke Math. J. 86 No. 2 (1997), 261 - 304. 

[Lu3] Lu, J.-H., Coordinates on Schubert cells, Kostant's harmonic forms, and the 
Bruhat Poisson structure on G/B, to appear in Transformation Groups. 

[Lu4] Lu, J.-H., Classical dynamical r-matrices and homogeneous Poisson structures 
on G/H and on K/T, preprint, 1998. 

[0-V] Onishchik, A.L. and Vinberg, E.B. (Eds.), Structure of Lie groups and Lie al- 
gebras. Lie groups and Lie algebras HI, Encyclopaedia of Mathematical Sciences, 
41, Springer- Verlag, Berlin, 1994. 

[0-S] Oshima, T. and Sckiguchi, J., Eigenspaces of invariant differential operators on 
an affine symmetric space. Invent. Math. 57 (1980), 1-81. 

[Po] Porteous, L, Chfford Algebras and the Classical Groups, Cambridge University 
Press, 1995. 

[Ro] Rossman, W., The structure of semisimple symmetric spaces, Canadian Math. J. 
31 (1979), 157- 180. 



52 



